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SYNOPSIS 
Single-crystal elastic constants of bcc iron and bct Fe–C and Fe–N alloys (martensites) 
have been evaluated by ab initio calculations based on the density-functional theory. The 
energy of a strained crystal has been computed using the supercell method at several values of 
the strain intensity, and the stiffness coefficient has been determined from the slope of the 
energy versus square-of-strain relation. Some of the third-order elastic constants have also 
been evaluated. The absolute magnitudes of the calculated values for bcc iron are in fair 
agreement with experiment, including the third-order constants, although the computed elastic 
anisotropy is much weaker than measured. The tetragonally distorted dilute Fe–C and Fe–N 
alloys exhibit lower stiffness than bcc iron, particularly in the tensor component C33, while the 
elastic anisotropy is virtually the same. Average values of elastic moduli for polycrystalline 
aggregates are also computed. Young’s modulus and the rigidity modulus, as well as the bulk 
modulus, are decreased by about 10 % by the addition of C or N to 3.7 atomic per cent, which 
agrees with the experimental data for Fe–C martensite. 
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1. Introduction
Iron–carbon martensite is the most important constituent in providing high strength to 
steels. A fully martensitic structure produces the maximum hardness in conventional carbon 
steel, and the martensite is the key component also in modern advanced products such as DP 
(dual phase), TRIP (transformation-induced plasticity), and Q&P (quench and partitioning) 
steels1-3). The strength, or hardness, of martensite is believed to be caused by solid-solution 
strengthening, high density of dislocations, as well as its complex microstructure resulting 
from the characteristic cubic-to-tetragonal transformation. The elastic stiffness of the 
martensite is also of interest, first for its own sake as one of the mechanical properties, and 
second because elastic misfit is an important factor controlling the microstructure formation, 
in addition to lattice misfit. These effects have been studied extensively for diffusion-
controlled phase transformations4-6). Recently, simulation studies of martensitic transfor-
mations focussing on effects of elastic properties have also been made5-10).  
The elastic moduli of iron-carbon martensite were reported by several researchers11-15). 
Schmidtmann et al.11) measured Young’s modulus of quenched carbon steels by the resonance 
vibration method and found that it decreases with increasing the C content. Speich et al.13) 
obtained similar results for both Young’s modulus and shear modulus of quenched Fe–C 
alloys. However, the report by Dey et al.12) was contradictory: their sound velocity 
measurements on Fe–Ni–C martensites indicated that Young’s modulus and shear modulus 
increase with the C content. This discrepancy seems to have been resolved by the analysis by 
Speich and Leslie14) that estimated the effects of Ni content and retained austenites; it was 
then established that the hard martensite is in fact elastically softer than ferrite, i.e., bcc iron. 
More recently, single-crystal elastic constants of the martensite phase in ferrite–martensite 
two-phase mixtures were determined, together with those of the ferrite phase, by resonant 
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ultrasound spectroscopy15). The elastic moduli of polycrystals derived from them are lower 
than those of iron, in accordance with the conclusion of Speich and Leslie. 
Young’s modulus and shear modulus of polycrystalline materials provide sufficient 
material data in practice, but more detailed information, i.e., single-crystal elastic constants, is 
desired in, for example, understanding microstructure formation, where the mismatch in the 
elastic stiffness and its anisotropy may play a critical role. While a single-phase martensite 
material can readily be prepared, producing its single crystal is prohibitively difficult. It is the 
purpose of this work to theoretically evaluate the single-crystal elastic constants of iron–
carbon and iron–nitrogen martensites by means of ab initio calculations. As mentioned above, 
the single-crystal elastic constants of Fe–C martensite were evaluated by sophisticated 
measurements and analysis of ferrite–martensite two-phase mixtures15), but only at a single C 
content. A difficulty in experiment is, either of single-phase or in two-phase mixtures, 
martensites always involve high density of crystal defects and are accompanied with internal 
stresses arising from the structural transformation; experimentally determined values of 
elastic modulus may be influenced by these defects and stresses. From the theoretical side a 
simulation study has recently been made on the elastic constants of Fe–C martensite of C 
contents up to 2.2 atomic per cent16), but using semi-empirical interatomic potentials. In this 
study we have determined the elastic constants on the basis of the density-functional theory 
(DFT) using the supercell technique as a function of the solute content up to 3.7 atomic per 
cent. It is also of interest to find similarities or dissimilarities between Fe–C and Fe–N alloys 
in elastic properties. To the best of our knowledge, no reports on the elasticity of Fe–N 
martensite are found in the literature1.  
1 In this paper we use the term ‘martensite’ to indicate primarily the dilute Fe–C and Fe–N alloy 
phases of the bct structure. References to microstructures with the same term can be 
distinguished from the context.  
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2.Method
2.1. Determination of elastic constants 
The elastic stiffness constants of bcc iron and tetragonal martensites have been deter-
mined from the relation between the elastic strain energy and the magnitude of the strain, by 
imposing a strain tensor that corresponds to a deformation pattern characteristic of the crystal 
symmetry. With application of strain 
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the increase in the total energy, or the elastic strain energy, ΔE, of a crystal of volume V is
written as 
ΔE(e1,e2,...,e6 )
V =
1
2! Cijeiejj∑i∑ +
1
3! Cijkeiejekk∑j∑i∑ +O[e
4 ] , (2) 
where Cij and Cijk are the second-order and the third-order elastic stiffness constants, respec-
tively17), and O[e4] indicates the terms of the forth and higher order in the strain magnitude, e. 
The sums are taken over the indices of Voigt notation from 1 to 6. 
For crystals of cubic symmetry, the above expression is reduced to 
ΔE
V =
1
2C11(e1
2 + e22 + e32 )+C12 (e2e3 + e3e1 + e1e2 )+
1
2C44 (e4
2 + e52 + e62 )
+ 16C111(e1
3 + e23 + e33)+
1
2C112 (e1
2e2 + e12e3 + e22e3 + e22e1 + e32e1 + e32e2 )
+C123e1e2e3 +
1
2C144 (e1e4
2 + e2e52 + e3e62 )
+ 12C155 (e2e4
2 + e3e42 + e1e52 + e3e52 + e1e62 + e2e62 )+C456e4e5e6. (3) 
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Table 1 presents the strain tensors employed and the coefficients in the second-order and 
third-order terms of the magnitude of the strain, x. The strains produce deformations 
corresponding to the three symmetrized second-order elastic constants of cubic crystals, viz., 
the bulk modulus B = (C11 + 2C12 ) / 3 , the 110{ } 110  shear modulus C′ = (C11 −C12 ) / 2 , and
the 100{ } 010  shear modulus C44. These constants are given essentially by the second-order
coefficients, which are listed in the third column of the table. In this paper these deformation 
patterns are referred to as 1, 2a, and 2b, respectively. Since the first is asymmetric with 
respect to the sign of x, it has a third-order term in the elastic energy. Its coefficient gives the 
third-order bulk modulus, B(3), which is defined by the formula  
ΔE
V =
1
2!B
ΔV
V
⎛
⎝⎜
⎞
⎠⎟
2
+ 13!B
(3) ΔV
V
⎛
⎝⎜
⎞
⎠⎟
3
. (4) 
In deformation 1, ΔV/V is equal to 3x, and the relation
B(3) = 19 C111 + 6C112 + 2C123( ) (5) 
is readily found by letting e1 = e2 = e3 = x and e4 = e5 = e6 = 0 in Eq. (3) and comparing the 
final form with Eq. (4). The third-order coefficient in the table is 9/2 times B(3). In the other 
two strain patterns are involved no third-order terms. 
For tetragonal crystals, there are six independent second-order elastic stiffness constants, 
C11, C12, C13, C33, C44, and C66, and twelve third-order constants. The expression of the strain 
energy is  
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ΔE
V =
1
2C11(e1
2 + e22 )+
1
2C33e3
2 +C12e1e2 +C13(e1e3 + e2e3)
+ 12C44 (e4
2 + e52 )+
1
2C66e6
2
+ 16C111(e1
3 + e23)+
1
6C333e3
3 + 12C112 (e1
2e2 + e22e1)+
1
2C113(e1
2e3 + e22e3)
+ 12C133(e1e3
2 + e2e32 )+
1
2C144 (e1e4
2 + e2e52 )+
1
2C155 (e1e5
2 + e2e42 )
+C123e1e2e3 +C456e4e5e6
+ 12C166 (e1e6
2 + e2e62 )+
1
2C344 (e3e4
2 + e3e52 )+
1
2C366e3e6
2. (6) 
We evaluated the six constants by employing the six strain patterns proposed by Mehl et al.18), 
which are based on symmetrized elastic constants19). The strain tensors and the corresponding 
second-order and third-order coefficients are listed in Table 2. They are classified into two 
groups, 1a to 1c, and 2a to 2c. For the first three the strain energy is asymmetrical with the 
sign of x, so that they contain terms with third-order elastic constants2. On the other hand, for 
the second three, which are 110{ } 110 , 001{ } 110 , and 100{ } 010  shear deformations, it
is symmetrical about x and thus involves no third-order terms. 
2.2. Ab initio calculation 
The calculations were performed by Vienna Ab initio Simulation Package (VASP, ver-
sion 4.8)20), using the projector augmented-wave (PAW) method21) and the general gradient 
approximation (GGA) to DFT based on Perdew-Burke-Ernzerhof (PBE) functional22). The 
cut-off energy was chosen to be 520 eV3, which is 1.3 times the recommended value in the 
default setting. 
We chose the conventional bcc unit cell as the supercell for computations of pure iron. 
2 In deformation 1a the third-order coefficient involves second-order constants because of the presence 
of x2 term in e3. 
3 1 eV = 1.602 × 10−19 J.
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To model Fe–C and Fe–N martensites, a supercell consisting of 3 × 3 × 3 bcc unit cells (54 Fe 
atoms) was used, with one C or N atom placed in an octahedral interstitial site, or two of the 
same solute atoms. The solute concentration, y, which we define as the number of solute 
atoms per host atom, is 1/54 (= 0.0185) and 2/54 (= 0.0370), respectively. In the latter case, 
with the first solute atom at the centre of the supercell, the second solute atom was placed at 
the corner, which is an octahedral site in the same orientation as the first, and is at a distance 
(3 / 2) 3 a, where a is the lattice parameter of bcc iron. This configuration is reported to be 
the most favourable among all possible configurations of two C atoms in the 3 × 3 × 3 
supercell23).  
Brillouin zone integrations were performed using a Monkhorst-Pack k-point mesh of 21 
× 21 × 21 for the bcc unit cell of iron, or of 8 × 8 × 8 for the supercell of 3 × 3 × 3 unit cells. 
The structure and energy were fully optimized until the total energy converges within 10−5 eV
and the magnitudes of the Hellmann-Feynman forces on all atomic sites become less than 
10−1 eV nm−1. All computations were done under a spin-polarized condition.
The lattice parameters and the axial ratio, c/a, of fully optimized supercells are shown in 
Fig. 1, together with experimental data24). The absolute values of the computed lattice 
parameters are appreciably smaller than the experimental ones, which is a known problem4, 
but the axial ratio is in good agreement with experiment for both Fe–C and Fe–N alloys. 
3. Results and discussion
3.1. Pure iron 
For each pattern of deformation the total energy was computed at several different values 
4 The calculated lattice parameter of pure iron, 283.4 pm, is much smaller than the experimental value 
at room temperature, 286.6 pm. Extrapolation to absolute zero temperature, 286.05 pm using the 
thermal expansion data [34], does not much ameliorate the problem.  
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of the strain parameter x, ranging from 1 × 10−3 to 6 × 10−2. The strain energy ΔE per unit cell
is plotted against the square of the strain parameter as a double logarithmic diagram in Fig. 2. 
The data points would form a straight line parallel to the diagonal if the strain energy is 
proportional to x2. It occurs in the range of x2 around 10−5, 5 × 10−5, and 10−4 for deformations
1, 2a, and 2b, respectively. In the latter two the linear behaviour extends up to the largest 
values of x2 examined. On the other hand, it breaks down at small strains, which must be due 
to limited accuracy of numerical computation. After examining the whole results for Fe–C 
and Fe–N alloys, some of which are shown later (Fig. 4), we found that ΔE is satisfactorily
linear in x2 when its magnitude is around 10−3 eV (per unit cell). On the basis of this finding,
we set a practical criterion for selecting data points to be used for determining elastic 
constants in terms of the magnitude of the strain energy, not of strain: ΔE per unit cell be of
the order of 10−3 eV. For 2a and 2b in Fig. 2, several points that meet this criterion are
selected and a linear function is fitted to the ΔE versus x2 relation by the method of least
squares. The results are shown by thick solid lines. Their slope, i.e., the proportionality 
constant, gives C11 − C12 and C44 / 2, respectively (see Table 1).
In deformation 1, the energy–strain relation is inherently asymmetric with respect to the 
sign of x (uniform dilatation or compression). At large strains the data points diverge to two 
separate curves, which is the expected behaviour under ‘finite elastic deformation’25). At small 
strains the positive and negative branches also begin to deviate from each other and tend to 
fall downwards from the linear relation, although it may not be discernible at the resolution of 
this figure. We have chosen several data points that do not suffer from these problems, in the 
range of energy of the order of 10−3 eV, and determined the second- and the third-order
coefficients by fitting a cubic polynomial (without a constant term nor the first order term), as 
shown in Fig. 3. The second- and the third-order bulk moduli, B and B(3), obtained from them 
are shown in the first row of Table 3, with uncertainty margins originated from the least-
10 / 40 
squares fitting. The value of the third-order bulk modulus, −1 × 1012 Pa, is found to be close to
that evaluated from tensile large-deformation experiments on single-crystal whiskers26). For 
readers’ convenience, numerical values of the elastic compliance constants are given in 
Appendix A. 
The calculated values of the second-order elastic constants are in general larger in magni-
tude than the experimental values at 4.2 K27), B by 9 % and C′ by 25 %, for example.
Disagreement in the opposite trend is found in the shear modulus C44: the calculated value is 
smaller by 20 % than experiment. They result in the shear anisotropy factor, A, defined as the 
ratio of C44 to C′, considerably smaller than the experimental one, 1.5 against 2.3 or 2.4. In the
lower part of Table 3, results of theoretical calculations found in the literature are shown for 
comparison. None of them reproduces the strong elastic anisotropy of bcc iron. 
3.2. Fe-C and Fe-N martensites 
Similarly to the case of bcc iron, strain energies have been calculated as a function of the 
strain parameter x for the six deformation patterns of Table 2. The results for the Fe–C alloy 
of yC = 0.0185, i.e., of the supercell Fe54C1, are shown in Figs. 4 and 5 for those of the first 
type, 1a to 1c (extension / contraction), and in Fig. 6 for those of the second type, 2a to 2c 
(shear deformation). 
In Fig. 4, failure of the linear relation at small strains is evident, in addition to the natural 
departure of the extension and contraction curves from each other at large strains. The data 
are replotted in Fig. 5 against x, and selected data points of ΔE of the order of 10−3 eV,
indicated by the markers for each set, are analysed by fitting a cubic polynomial to determine 
the second-order and the third-order coefficients. The results of the shear deformations are 
analysed in a simpler manner by fitting a linear function to ΔE versus x2 data (Fig. 6). The
elastic stiffness constants have been obtained through the same procedure for Fe54C2, Fe54N1, 
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and Fe54N2, and the results are summarized in Table 4 (the second-order constants) and in 
Table 5 (the third-order constants). In the former, the stiffness constants of ‘hardened plain 
carbon steel’ reported by Kim and Johnson15) are shown for comparison. No information on 
higher-order elastic constants of martensites is found in the literature. 
3.3. Effect of solute content 
The second-order stiffness constants are displayed in Fig. 7 as a function of the solute 
concentration, y. The second-order bulk modulus is obtained as the reciprocal of the volume 
compressibility5, if we ignore the third- and higher-order constants. For tetragonal crystals, it 
is given from the stiffness constants by the following formula: 
B = (C11 +C12 )C33 − 2C13
2
C11 +C12 + 2C33 − 4C13
. (7) 
Error bars in the present data are appreciable only in B, as it is computed from four other 
numbers, each of which has uncertainties of 1 to 2 %. For the other quantities, error bars are 
of similar lengths to the size of the symbols in the figures, and are omitted for clarity. 
The general trends in Fe–C alloys, Fig. 7 (a), and those in Fe–N alloys, Fig. 7 (b), are 
essentially the same: some of the elastic constants decrease with increasing the solute content, 
while some others, C66 and C44, exhibit recovery at y = 0.037. Upon changing the crystal 
structure from cubic to tetragonal by the addition of the interstitial solute, each of the three 
elastic constants divides itself into two: 
C11 → C11 and C33,
C12 → C12 and C13,
and 
5 The volume compressibility, K, is expressed in terms of the elastic compliance constants Sij as K = 
S11 + S22 + S33 + 2(S23 + S31 + S12) regardless of crystal symmetry. 
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C44 → C44 and C66.
It turns out that significant departure occurs only between C11 and C33: there is notable lower-
ing of C33 in both Fe–C and Fe–N alloys, amounting to a relative change of −18 % (Fe–C) or
−17 % (Fe–N) at y = 0.037. This may be understood simply as weakening of atomic bonding
because of increased interatomic distances in the direction of the tetragonal axis. The 
component C11 also decreases, yet at a lower rate than for C33, even though the dimensions of 
the crystal normal to the tetragonal axis are virtually unchanged: the relative change at y = 
0.037 is −6 %. About a half of this lowering can be attributed to the increase in the volume of
the crystal, of 3.6 %, in the alloys at this concentration; increase in the volume leads to 
decrease in elastic stiffness constants per se, as the elastic energy is defined as the energy per 
unit volume. 
Concerning the shear stiffness constants, the two shear moduli of bcc iron split in the 
tetragonal martensite as 
C′ → (C11 −C12 ) / 2  and (C11 +C33 − 2C13) / 4 ,
and 
C44 → C66 and C44,
while the bulk modulus B remains unique. The relative change in B is −10 % at yC = 0.037,
but those in the shear stiffness vary: −5.4 % in (C11 −C12 ) / 2 , −14.7 % in
(C11 +C33 − 2C13) / 4 , −2.3 % in C66, and −11.2 % in C44. We define two shear anisotropy fac-
tors, A44 and A66, as follows: 
A44 ≡
C44
(C11 +C33 − 2C13) / 4
, (8) 
A66 ≡
C66
(C11 −C12 ) / 2
. (9) 
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Their values are shown in the upper part of Figs. 7 (a) and 7 (b). Both of them are about 1.5 
and are almost unchanged in the concentration range studied. The shear anisotropy of marten-
site is thus suggested to remain similar to that of bcc iron. 
The single-crystal elastic constants of iron and Fe–C martensite, of 2.4 % C, reported by 
Kim and Johnson15) are shown together in Fig. 7 (a). Their values for bcc iron are all in good 
agreement with the established data27), but those of the martensite are at variance with the 
results of the present study: their C11 and C33 are equal to each other and are much larger than 
C11 of unalloyed iron, and the two shear moduli derived from C′ exhibit a similar trend, while
the other two shear moduli, C44 and C66, decrease together, both much more significantly than 
do the present results. As shown later in Fig. 12, the magnitudes of the bulk modulus, 
Young’s modulus, and rigidity modulus of polycrystalline materials calculated by averaging 
the values of Kim and Johnson appear reasonable in reference to the earlier experimental data, 
but this apparent agreement, or coincidence, seems to result from the compensating variations 
of the elements, which are rather irregular and do not seem to have a reasonable explanation. 
In particular, in their report the four shear moduli, C44, C66, (C11 −C12 ) / 2 , and
(C11 +C33 − 2C13) / 4 , all fall very close to each other, and therefore the martensite is
concluded to be elastically highly isotropic. On the other hand, the prediction of the present 
calculations is that, as remarked above, the elastic anisotropy of the martensites is not very 
different from that of bcc iron, putting aside the failure in reproducing the strong anisotropy 
of the latter. We understand that the method of analysis employed by Kim and Johnson is 
very refined and well established, but it is a not a simple task either to determine single-
crystal elastic constants of low-symmetry crystals from such complicated samples in the 
microstructure. 
3.4. Anisotropy of practical elastic moduli 
Variations of Young’s modulus and rigidity modulus with orientation are of practical 
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interest. We show them as three-dimensional (3D) surfaces and as cross-sectional views in 
Figs. 8 and 9 (Young’s modulus E) and in Figs. 10 and 11 (rigidity modulus G) for pure iron 
and Fe–C and Fe–N martensites of y = 0.037. They were computed from the following 
standard formulae35). For cubic crystals, the reciprocal Young’s modulus and that of rigidity 
modulus are given as 
E−1 = S11 − 2 S11 − S12( )− S44⎡⎣ ⎤⎦Γ , (10) 
G−1 = S44 + 2 2 S11 − S12( )− S44⎡⎣ ⎤⎦Γ , (11) 
where 
Γ = γ 2
2γ 3
2 + γ 3
2γ 1
2 + γ 1
2γ 2
2 (12) 
is the so-called orientation factor, with γ 1, γ 2, γ 3 being the direction cosines between the stress
axis and the three principal crystal axes. For tetragonal crystals, they are given as 
E−1 = S11 γ 14 + γ 24( ) + S33γ 34 + 2S12 + S66( )γ 12γ 22+ 2S13 + S44( )γ 32 1−γ 32( ) , (13) 
G−1 = 12 S44 + S66( ) γ 1
4 + γ 2
4( ) + S44γ 34 + 4 S11 − S12( ) + S44 − S66( )⎡⎣ ⎤⎦γ 12γ 22
+ 2 S11 + S33 − 2S13( ) + 12 S66 − S44( )
⎡
⎣⎢
⎤
⎦⎥
γ 3
2 1−γ 32( ). (14) 
The 3D surfaces of Young’s modulus (Fig. 8) are bulged out in 111  directions, since the 
shear anisotropy factor is greater than unity in every case. For the rigidity modulus (Fig. 10) 
the reverse is true; the 3D surfaces are protruded in 100  directions. Again it is evident in 
these illustrations and diagrams that the anisotropy is much less accentuated in the present 
results than in real bcc iron. It does not seem, therefore, worth examining the directional 
variations in further detail. 
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3.5. Elastic moduli of polycrystalline aggregates 
Another result of practical utility is the elastic moduli of polycrystalline aggregates. 
Young’s modulus, rigidity modulus and Poisson’s ratio have been computed by the methods 
of Voigt (uniform stress assumption), Reuss (uniform strain assumption), and Hill (or Voigt-
Reuss-Hill, which is a simple arithmetic average of the former two)36,37), and are displayed as 
a function of the solute content in Fig. 12. The bulk modulus is also shown for comparison. 
While no significant variation occurs in Poisson’s ratio with the solute content (it stays in 
the range between 0.30 and 0.31), the three moduli are found to be lowered by the addition of 
the solute at similar rates: the decrease is about 10 % at y = 0.037. The experimental values 
for Fe–C martensite by Schmidtmann et al.11), Speich et al.13), and Kim and Johnson15) are 
shown in Fig. 12 (a). The present results on Fe–C alloys agree fairly well with experiment, 
not only in the dependencies on the C content but also in the absolute magnitudes. They seem 
to support the conjecture of Speich et al. that the elastic stiffness of the martensite is lower 
than that of bcc iron, and provide an explanation that the lower stiffness is primarily due to 
the significant decrease in C33, amounting to 18 % at yC = 0.037. 
4. Conclusions
The elastic properties of Fe–C and Fe–N martensites, together with those of bcc iron, 
have been studied by means of first-principles calculations using the supercell method. The 
six independent elastic constants have been determined at two solute concentrations, y = 
0.0185 and 0.0370. While absolute magnitudes of the equilibrium interatomic distances and 
the elastic constants of bcc iron are at some variance with experiment, and the elastic anisot-
ropy of bcc iron is not satisfactorily reproduced, relative changes with the solute content, i.e., 
their concentration dependencies, appear reasonable in the light of the experimental data of 
the elastic moduli of polycrystals. All the elastic stiffness constants decrease with the solute 
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content, roughly by 10 % at y = 0.037, while C11 and C33 decrease appreciably less and more 
rapidly, respectively, leading to important departure from each other. The significant decrease 
of C33 must reflect weakening of atomic bonding in the direction parallel to the tetragonal axis, 
which could result from increased distances between the host atoms in that direction.  
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TABLE CAPTIONS 
Table 1.  Strain tensors employed for computing the elastic stiffness constants of cubic 
crystals, and the coefficients of the second- and third-order terms in the strain energy. 
Table 2.  Strain tensors employed for computing the elastic stiffness constants of tetragonal 
crystals, and the coefficients of the second- and third-order terms in the strain energy. 
Table 3.  Lattice parameter a, the second- and third-order bulk moduli B and B(3), the second-
order elastic stiffness constants C′, C44, C11 and C12, and the shear anisotropy factor A =
C44 / C′, of bcc iron. Numbers in brackets indicate references.
Table 4.  Second-order elastic stiffness constants of bct Fe–C and Fe–N alloys (in GPa). y is 
the solute concentration. 
Table 5.  Third-order elastic stiffness coefficients in deformation of type 1 for bct Fe–C and 
Fe–N alloys (in TPa). y is the solute concentration. 
Table A.1.  Second-order elastic compliance constants Sij of bcc iron and bct Fe–C and Fe–N 
alloys (in 10−12 Pa−1). y is the solute concentration. The lattice parameters, a and c (in 10−12 m),
are computed from the dimensions of the fully-optimized supercell (cf. Fig. 1). 
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FIGURE CAPTIONS 
Fig. 1.  Lattice parameters and axial ratio of (a) Fe–C and (b) Fe–N alloys. The dashed lines 
are experimental data at room temperature assessed by Cheng et al.24).  
Fig. 2.  Strain energy plotted against the square of the strain parameter, x, in bcc iron. The 
down and up triangles for deformation 1 are the results from negative and positive values of x, 
respectively. The solid lines for 2a and 2b are fitted to the selected data points on which the 
lines are drawn. 
Fig. 3.  Strain energy as a function of strain, x, in deformation 1 of bcc iron. The solid curve is 
a cubic polynomial fitted to the selected data points indicated by the vertical markers at the 
bottom. 
Fig. 4.  Strain energy plotted against the square of the strain parameter, x, for deformation 1a, 
1b, and 1c of bct Fe54C1 alloy. The down and up triangles indicate the results from negative 
and positive values of x, respectively.  
Fig. 5.  Strain energy as a function of strain parameter, x, for deformation 1a, 1b, and 1c of bct 
Fe54C1 alloy. The solid curves are cubic polynomials fitted to the selected data 
points indicated by the vertical markers at the bottom.  
Fig. 6.  Strain energy plotted against the square of the strain parameter, x, for deformation 2a, 
2b, and 2c of bct Fe54C1 alloy. The solid lines are linear functions fitted to the selected data 
points on which the lines are drawn.  
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Fig. 7.  Elastic stiffness constants as a function of solute concentration y for (a) Fe–C and (b) 
Fe–N alloys. The experimental values of bcc iron at 4.2 K27) are indicated by horizontal 
arrows. The elastic constants of iron and Fe–C martensite reported by Kim and Johnson15) are 
shown in (a) (in green, symbols connected by dotted lines). 
Fig. 8.  3D surface plots of Young’s modulus E (in GPa) of (a) bcc iron at 4.2 K27), (b) bcc 
iron, (c) bct Fe–C alloy of yC = 0.037, and (d) bct Fe–N alloy of yN = 0.037. 
Fig. 9.  (a) (001), (b) (100) and (c) (110)  cross-sectional views of Young’s modulus E of bcc 
iron at 4.2 K27) (‘expt’, dashed curve), and those calculated for bcc iron and bct Fe–C and Fe–
N alloys. The axis scale is in GPa. 
Fig. 10.  3D surface plots of rigidity modulus G (in GPa) of (a) bcc iron at 4.2 K27), (b) bcc 
iron, (c) bct Fe–C alloy of yC = 0.037, and (d) bct Fe–N alloy of yN = 0.037. 
Fig. 11.  (a) (001), (b) (100) and (c) (110)  cross-sectional views of the rigidity modulus G of 
bcc iron at 4.2 K27) (‘expt’, dashed curve), and those calculated for bcc iron and bct Fe–C and 
Fe–N alloys. The axis scale is in GPa. 
Fig. 12.  Rigidity modulus G, Young’s modulus E, bulk modulus B, and Poisson’s ratio ν of
polycrystalline aggregates of (a) Fe–C alloys and (b) Fe–N alloys calculated from the single-
crystal elastic constants by the methods of Voigt, Reuss, and Voigt-Reuss-Hill. 
